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ABSTRACT

As a nonparametric statistical method, the mean shift algo-

rithm has recently attracted much attention in the computer

vision community due to its efficiency in motion tracking

and clustering analysis. Its convergence rate is, however,

slow around the convergence point. One way to tackle this

problem is to switch the search mechanism to Newton’s

method which has a quadratic order of convergence rate.

This article thus presents a dual-mode mean-shift algorithm

which combines both merits of the mean-shift and Newton’s

algorithms. Some numerical experiments were conducted to

confirm the effectiveness of the proposed approach.
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1. INTRODUCTION

The mean shift (MS) algorithm is a simple iterative statisti-

cal method first proposed in [1]. In its simplest form, each

iteration of the algorithm calculates the weighted average of

a data set based on the data histogram. In this manner, the

MS algorithm seeks the modes of an estimated density ele-

gantly without actually estimating the density function. Al-

though of the same form, two different usage aspects of the

MS algorithm have been adopted: mode seeking [2, 3] and

clustering analysis [2, 5]. In the viewpoint of mode seeking,

the algorithm is employed to search for statistical modes of

an empirical probability density function. In the viewpoint

of clustering analysis, all data leading to same convergence

point are considered to belong to the same cluster. Recent

applications of the MS algorithm include object tracking,

image segmentation, and filtering [3, 4, 5], data clustering

[6], etc. The key advantages of the MS algorithm includes

robustness, guaranteed convergence, and easiness to imple-

ment. It has extra merits such as no need to specify the

number of clusters and initial seed points when employed

as a clustering tool.

The convergence performance has been studied by sev-

eral researchers [2, 3, 5, 7, 8]. Some of the convergence the-

ories focuses on the requirements of the kernel functions.

It has been shown [3] that as long as the density kernel

is convex and monotonically decreasing, the MS algorithm

converges. An extension of the convergence theory of the

MS algorithm [5] treats it as a special case of expectation-

maximization (EM) where convergence results have been

widely established. Another study deals with the MS algo-

rithm as a bound optimization [7]. From the viewpoint of

EM optimization, the Gaussian MS algorithm has a linear

order of convergence. This convergence behavior can be

easily observed from implementation experience. That is,

when approaching the convergence point, the MS algorithm

moves slowly. In contrast, Newton’s method is known to

converge very fast which has a convergence rate of order

2. However, Newton’s method can not be applied directly

since it suffers from divergence and overshooting problems.

Therefore, an improved scheme to improve the performance

of the MS algorithm is to combine the merits of both the

MS algorithm and Newton’s method. In the early stage of

the dual-mode algorithm, the conventional MS algorithm

steps are used. As the iterative progress moves further to-

ward the convergent point, the algorithm switches to New-

ton’s method to accelerate its convergence speed. Thus the

convergence of the dual-mode algorithm can be guaranteed

since Newton’s method now starts from a nearby point that

is not far from the final convergent point. The moment of

switching depends on when the movement of the MS algo-

rithm becomes too small.

The rest of this paper is organized as follows. In Sec-

tion 2, we give a brief introduction to the MS algorithm.

Then in Section 3, we discuss merits and pitfalls of the MS

algorithm. Sections 4 addresses Newton’s method for mode

seeking. In Section 5, we propose the new dual-mode MS

algorithm. Experimental results are given in Section 6 to

justify the efficiency of the proposed theorems. Finally Sec-

tion 7 concludes this paper.

2. THE MEAN SHIFT ALGORITHM AS A MODE

SEEKING TOOL

In this section, we provide a brief summary of the MS al-

gorithm. Given n data points xxxi, i = 1, 2, . . . , n in the d-

dimensional space Rd, the multivariate kernel density esti-
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mator with kernel K(xxx) is given by

f̂(xxx) =
1

n∆d

n
∑

i=1

K

(

xxx − xxxi

∆

)

, (1)

where ∆ is a kernel width parameter. Usually, we are only

interested in a special class of radially symmetric kernels

satisfying

K(xxx) = c k(‖xxx‖2), (2)

where k(x) is referred to as the profile of the kernel. Two

commonly used kernels are the Epanechnikov kernel [3]

KE(xxx) =

{

1
2cd

(d + 2)(1 − ‖xxx‖2), ‖xxx‖ ≤ 1

0, otherwise
(3)

in which cd is the volume of the unit d-dimensional sphere

and the multivariate normal kernel

KN(xxx) = (2π)−d/2 exp

(

−
1

2
‖xxx‖2

)

. (4)

The multivariate normal kernel is usually truncated so that

the kernel is finitely supported. Corresponding to the two

kernels, their profiles are given by

kE(x) =

{

1 − x, 0 ≤ x ≤ 1
0, x > 1

(5)

and

kN (x) = exp

(

−
1

2
x

)

, (6)

respectively. Using the profile notation, the density estima-

tor in Eq. 1 can be rewritten as

f̂(xxx) =
c

n∆d

n
∑

i=1

k

(

∥

∥

∥

∥

xxx − xxxi

∆

∥

∥

∥

∥

2
)

. (7)

The MS algorithm can be used either as mode seeking or

clustering tools. In this work, we focus on the mode seeking

part. To find a mode of certain probability density function,

we need to search for the point where the gradient of the

probability density function vanishes. Based on the density

estimator in Eq. (7), the gradient of the density estimator is

given as

▽̂f(xxx) =
2c

n∆d+2

n
∑

i=1

(xxx − xxxi)k
′

(

∥

∥

∥

∥

xxx − xxxi

∆

∥

∥

∥

∥

2
)

= −
2c

n∆d+2

n
∑

i=1

(xxx − xxxi)g

(

∥

∥

∥

∥

xxx − xxxi

∆

∥

∥

∥

∥

2
)

,(8)

where we define

g(x) = −k′(x) (9)

which is the profile for the kernel G(xxx) given by

G(xxx) = β g(‖xxx‖2), (10)

in which β is the corresponding normalization constant. Set-

ting the gradient to 0, we find that at any mode of the density

function the following condition holds:

xxx =

∑n
i=1 xxxi g

(

∥

∥

∥

xxx−xxxi
∆

∥

∥

∥

2
)

∑n
i=1 g

(

∥

∥

∥

xxx−xxxi
∆

∥

∥

∥

2
) . (11)

From Eq. (11), the deviation in xxx is referred to as the mean

shift and defined as

xxxms
△
=

∑n
i=1 xxxi g

(

∥

∥

∥

xxx−xxxi
∆

∥

∥

∥

2
)

∑n
i=1 g

(

∥

∥

∥

xxx−xxxi
∆

∥

∥

∥

2
) − xxx. (12)

Eq. (11) provides a clue for iteratively updating of xxx. The

resultant iterative procedure is called the mean shift algo-

rithm whose main step is given by

Mean Shift Algorithm:

yyyj+1 =

∑n
i=1 xxxi g

(

∥

∥

∥

yyy
j
−xxxi

∆

∥

∥

∥

2
)

∑n
i=1 g

(

∥

∥

∥

yyy
j
−xxxi

∆

∥

∥

∥

2
) , (13)

where yyyj is the estimate of mode at the jth iteration. It has

been proved [3] that as long as the kernel K has a convex

and monotonically decreasing profile, yyyj converges.

In fact, the MS algorithm can also be shown to be an

ascent algorithm with an adaptive stepsize [3]

µ =
1

2
c∆2 ▽̂f(xxx)

f̂(xxx)
(14)

so that it moves faster in low density regions and moves

much slower in high density regions.

3. MERITS AND PITFALLS OF THE MS

ALGORITHM

The primary advantages of the MS algorithm as a mode

seeking tool is its guaranteed convergence and robustness

against noise. If used in clustering, it has an additional ad-

vantage that no initial seed points are required. However,

since the MS algorithm has a stepsize proportional to the

inverse of the density estimate, its speed is slow when mov-

ing close to the neighborhood of the final convergent point,

as illustrated by Fig. 1(a). Evidently the stepsize becomes

smaller and smaller as the MS algorithm moves toward its

final destination. Fig. 1(b) further quantifies the position

movement distance versus iteration number relation. Seen

from Fig. 1(b), the relation between the position movement

distance seems to be a exponential decay function of the it-

eration number.
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4. NEWTON’S METHOD FOR THE MODE

SEEKING PROBLEM

The mode seeking problem can also be approached by stan-

dard Newton’s method. To employ Newton’s method, the

gradient and Hessian of the density function should be de-

rived first. Using the estimated gradient given by Eq. (8),

the Hessian matrix of f̂(xxx) can be obtained as

ĤHH(xxx)
△
=

∂▽̂f(xxx)T

∂xxx

=
−2c

n∆d+2

n
∑

i=1

[

g(‖
xxx − xxxi

∆
‖2) III

+
1

∆2 g′(‖
xxx − xxxi

∆
‖2) · 2(xxx − xxxi)(xxx − xxxi)

T

]

(15)

Then each step of Newton’s method is written as

xxx(k+1) = xxx(k) − ĤHH
−1

(xxx(k))▽̂f(xxx(k)) (16)

where ▽̂f(xxx) and ĤHH(xxx) are given in Eqs. (8) and (15),

respectively. Newton’s method is known for its fast con-

vergence rate, i.e., of quadratic order. Although Newton’s

method is very fast, it has the shortcomings of no guarantee

of convergence and overshooting. Fig. 2 shows the diver-

gence phenomenon that exists in Newton’s method. Figs. 3

and 4 illustrate two examples of the overshooting phenom-

ena in Newton’s method.

5. A DUAL-MODE MEAN-SHIFT ALGORITHM

In view of the advantages and disadvantages of both the MS

algorithm and Newton’s method, it is easily conceived that

a better scheme is a hybrid method that combines these two

methods. In the beginning, since the MS is moving fast,

it is the right choice. As the current position approaches

the destination, i.e., the nearest mode, the MS algorithm

moves slowly; therefore, it is better to switch to Newton’s

method. Newton’s method is guaranteed to converge when

the starting point is close to the convergent point and its

convergence speed is very fast. Why don’t we use New-

ton’s method in the very beginning? It’s due to the diver-

gence and overshooting problems when the initial point in

Newton’s method is still far from the final convergent point.

Thus we propose the following dual-mode mean-shift algo-

rithm:

1. Choose an initial position.

2. Update current position by a mean-shift step.

3. If the percentage of current movement is less than cer-

tain threshold, go to the next step (Newton’s method);

otherwise, return to Step 2 to continue the MS steps.

4. Update current position by one Newton’s step.

5. If the norm of the current Newton’s step is very small,

stop the algorithm; otherwise, return to Step 4 to con-

tinue the Newton’s updating procedure.

6. EXPERIMENTAL RESULTS

Two test examples are included in this section. The first test

example was used in [7], where the original data come from

samples of the radial velocities of galaxies [9]. The sec-

ond example is the Lena image that is famous in the im-

age processing community. Gaussian kernels were used in

the MS algorithm. Both examples have multi-modal density

curves, as illustrated in Figs. 5(a) and (b). Here we compare

the number of iterations to converge.

6.1. Example 1: The Galaxy Data

The relevant parameters are set as kernel bandwidth ∆ =
500, mode switching threshold = 0.1, and convergence tol-

erance = 0.01, where the convergence tolerance is defined

as the square of the norm of the Newton step. Table 1 com-

pares the numbers of iterations to converge between con-

ventional MS and the proposed dual-mode MS algorithms.

Ten different initial positions were used. The results indi-

cate an around three to six times decrease in the number of

iterations to converge for the dual-mode MS algorithm.

6.2. Example 2: The Lena Image

The relevant parameters are set as kernel bandwidth ∆ = 5,

mode switching threshold = 0.06, and convergence toler-

ance = 0.01. Table 2 compares the numbers of iterations to

converge between conventional MS and the proposed dual-

mode MS algorithms. Eight different initial positions were

used. The results indicate an around two to five times de-

crease in the number of iterations to converge for the dual-

mode MS algorithm.

7. CONCLUSION

The mean shift algorithm has recently been recognized as

an efficient tool for motion tracking. Nevertheless, this al-

gorithm runs very slowly when it approaches the neighbor-

hood of the convergent point. We were thus motivated to

develop an enhanced version of the conventional MS algo-

rithm. The proposed scheme is a hybridization of the MS

algorithm of Newton’s method which combines the merits

of both methods. Experimental results justify the useful-

ness of the proposed approach. A possible extension of this

work is to theoretically analyze the performance of the pro-

posed scheme as compared to that of the conventional MS

algorithm.
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Table 1. Comparison of the numbers of iterations to con-

verge between conventional MS and the proposed dual-

mode MS algorithms for the Galaxy data. Notations used

are xxx0: initial position, NMS1: no. of iterations for the

MS part of the dual-mode algorithm, NN : no. of itera-

tions for Newton’s part of the dual-mode algorithm, NT =
NMS1 + NN and NMS2: no. of iterations for the conven-

tional MS algorithm.

Dual-Mode MS MS

xxx0 NMS1 NN NT NMS2

0 5 3 8 32

-1532 7 3 10 33

-321 6 3 9 32

25 5 3 8 32

389 4 3 7 31

1027 1 3 4 25

1567 1 4 5 29

1752 1 5 6 31

-987 6 3 9 33

-684 6 3 9 33

Table 2. Comparison of the numbers of iterations to con-

verge between conventional MS and the proposed dual-

mode MS algorithms for the Lena image. Notations used

are xxx0: initial position, NMS1: no. of iterations for the

MS part of the dual-mode algorithm, NN : no. of itera-

tions for Newton’s part of the dual-mode algorithm, NT =
NMS1 + NN and NMS2: no. of iterations for the conven-

tional MS algorithm.

Dual-Mode MS MS

xxx0 NMS1 NN NT NMS2

20 5 3 8 13

28 3 5 8 12

47 1 4 5 10

82 1 4 5 13

125 1 3 4 10

166 1 4 5 28

182 1 5 6 16

39 1 3 4 8
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Fig. 1. Convergence behavior of the MS algorithm. (a) The stepsize becomes smaller and smaller as the MS algorithm moves

toward its converging point. (b) The relation between the position movement distance and the iteration number.
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Fig. 2. An divergence example of Newton’s method.
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Fig. 3. An overshooting example in Newton’s method.
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Fig. 4. Another overshooting example in Newton’s method.
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Fig. 5. Estimated density curves using Gaussian kernels. (a) The galaxy data, where the kernel bandwidth ∆ is set to 500.

(b) The Lena image, where the kernel bandwidth ∆ is set to 5.
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